UPSC PHYSICS PYQ SOLUTION
Mechanics - Part 3
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A particle is moving in a central force field on an orbit given by r = ke®?, where
k and « are constants, 7 is the radial distance and 6 is the polar angle.

(a) Find the force law for the central force field.

(b) Find 6(¢).

(¢) Find the total energy.

A particle describes a circular orbit under the influence of an attractive central
force directed towards a point on the circle. Show that the force varies as the
inverse fifth power of distance.

A charged particle is moving under the influence of a point nucleus. Show that
the orbit of the particle is an ellipse. Find out the time period of the motion.

The density inside a solid sphere of radius a is given by p = p, =, where p, is
the density at the surface and r denotes the distance from the centre. Find the
gravitational field due to this sphere at a distance 2a from its centre.

A body moving in an inverse square attractive field traverses an elliptical orbit
with eccentricity e and period 7'. Find the time taken by the body to traverse the
half of the orbit that is nearer the centre of force. Explain briefly why a comet
spends only 18% of its time on the half of its orbit that is nearer the Sun.

Express angular momentum in terms of kinetic, potential, and total energy of a
satellite of mass m in a circular orbit of radius r

Use Gauss’s theorem to calculate the gravitational potential due to a solid sphere
at a point outside the sphere. Calculate the amount of work required to send a
body of mass m from the Earth’s surface to a height R /2, where R is the radius
of the Earth.

The radius of the Earth is 6.4 x 10° m, its mean density is 5.5 x 10% kg/m?,
and the universal gravitational constant is 6.66 x 10~!! Nm?/kg?2. Calculate the
gravitational potential on the surface of the Earth.

Prove that the time taken by the Earth to travel over half of its orbit separated
by the minor axis remote from the Sun is two days more than half a year. Given,
the period of the Earth is 365 days and the eccentricity of the orbit is 1/60.

A rigid body is spinning with an angular velocity of 4 rad/s about an axis parallel
to the direction (4] — 3k:) passing through the point A with OA =12i +3j j — k,

where O is the origin. Find the magnitude and direction of the linear velocity of
the body at point P with OP = 4i — 27 + k.
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21 A particle is moving in a central force field on an orbit
given by » = ke®’, where k and o are constants, r is the
radial distance and @ is the polar angle.

(a) Find the force law for the central force field.
(b) Find 0(%).
(¢) Find the total energy.

Introduction: The motion of a particle in a central force field is governed by conservation laws
and Newton’s second law in polar coordinates. The orbit is given by » = ke®?, where k and o
are constants. We are required to:

(a) Determine the force law F(r).
(b) Find the time dependence 6(t).
(c) Compute the total mechanical energy of the particle.

We assume that the motion occurs in a plane and that the central force is conservative and acts
radially.

Solution:
(a) Force Law:

We start from the orbit equation in a central force field:

r = ke®?

Let us use the standard technique of orbit equation analysis, where we define u = % Then:

1 1 —ab
u = = —e
kex? K
Differentiate u with respect to 6:

d

d_z = —%6_0‘0 = —au
d?u 9
W = u

The general orbit equation in central force motion is:

d?u m 1
=t (3)

Substitute w and its second derivative:

1
au+u= —%F (ﬂ)
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Factor: 1
9 m

Now replace u = 1/r and rearrange:

L? 1
F(ir)=—"—(a?2+1)=
(1) =0 + 1)
Thus, the central force law is:
L2
F(ry=—"(a?+1
(1) = —(a? + 1)

(b) Time Dependence 6(¢):

From conservation of angular momentum:
L=mr’0=0=

Substitute the orbit expression:

Then: I
0= mk2e2af
Separate variables and integrate:
L
20040 = | — dt
/ ‘ / mk?
Compute the integrals:
I 5. L
200 — " ¢
2a° mk? +C
Solving for 6:
L
206 — 2 (—t C)
e « — +
2a0 1[2 (Lt—FC)]
ot = In a\|\ —=5
mk?
1 L
=—1In|2a(—
o(t) 20 [ “ (mk‘2t+ ¢
(c) Total Energy:

Total mechanical energy is:

1 .
E:T+V:§m<i‘2+r202>+‘/(r)

3
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We already know:
0_ L
omr?
Now find 7: Since r = ke®?, then:
dr dr df ol A .
%—@-%—kae O=ar-0
Thus:
. L ol
r=ar-——s = —
mr2  mr

Now plug into kinetic energy:

_ <aL>2+ 2( L )2 L O S
=—m||— r | — =—m|—s + ——
2 mr mr2 2 m2r2  m2r2

2

_ 2
© 2mr2 (a®+1)

Potential energy can be recovered by integrating the force:

L? 1 av
F =" (a?+1)—= =
(r) m (" + )7"3 dr
Integrate:
7?2, 1 Lr o, 1
Set V,; = 0 for simplicity:
2
1
Vir)= ——(a?2+1)=
(1) =502+ 1)
Thus, total energy:
2 ) L2 ) | 0
B 2mr2(a - 2mr2(a +1)=
Conclusion:
. L* L. .. . :
(a) The central force law is F'(r) = ——(a“+1)—, indicating an inverse-cube dependence.
m r

1 L
(b) The angular coordinate evolves in time as (t) = — In [Qa (—t + C)] :
2a mk?

(c) The total mechanical energy of the particle is £/ = 0. The total mechanical energy being
zero indicates that the kinetic and potential energies exactly balance each other at every
point along the trajectory. This is characteristic of certain power-law orbits under specific
central forces.
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22 A particle describes a circular orbit under the influence
of an attractive central force directed towards a point on
the circle. Show that the force varies as the inverse fifth
power of distance.

Introduction: We consider a particle of mass m moving in a circular orbit of radius R. The
attractive central force acting on the particle is directed towards a point A located on the cir-
cumference of this circle. We aim to determine the functional dependence of this central force
on the distance r from the particle to the center of force A.

Solution:

Let the center of the circular orbit be O and its radius be R. Let the fixed point on the circum-
ference, towards which the central force is directed, be A. Let P be the position of the particle
at any instant. We can set up a coordinate system such that the origin is at A. Let the diameter
passing through A be along the x-axis. The equation of the circle, with A at the origin, can be
derived.

Consider the Cartesian coordinates. Let A be at the origin (0, 0). The center of the circle O must
be at (R, 0) for the circle to pass through the origin A. The equation of the circle is therefore
(x — R)? + y* = R2. Expanding this, we get 22 — 2Rx + R? + y? = R?, which simplifies to
2% 4+ y? = 2Rx.

Let P(z,y) be the position of the particle. The distance from the force center A to the particle

Pisr. Thus, r? = 22 + y2. Substituting 22 + y? = 2Rx, we get r?> = 2Rz, or x = %.

Now, we need to express the coordinates (x, y) in terms of polar coordinates relative to the force
center A. Let r be the radial distance from A to P, and ¢ be the angle that the vector A P makes
with the x-axis. So, x = rcos ¢ and y = r sin ¢.

Substituting x = rcos ¢ into x = %: rCosS ¢ = %. Since r # 0 (the particle is moving), we
can divide by r: cos ¢ = 5. This gives r = 2R cos ¢. This is the equation of the circle in

polar coordinates with the origin on the circumference.

Now, we use the Binet equation for a central force, which relates the force to the shape of the
orbit. The Binet equation for a central force F'(r) is given by:

F(r) = —mh?u? (u + %)

where u = 1/r, h = 7“2% (constant angular momentum per unit mass about the force center).
The force is attractive, so F'(r) = — f(r), where f(r) > 0.

d*u

dg?

From r = 2R cos ¢, we have u = % = m. Now we need to find g—g and

du d ( 1 ) 1 sing¢

%:@ 2R cos ¢ :ﬁcos%b
Pu 1 d <singb>_ 1 [cos¢-cos?p—sing - 2cosd(—sing)
d¢? ~ 2Rdé \cos? ¢ _ﬁ< cost ¢ )
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2R

d¢? ~ 2R cos* ¢ B cos3 ¢
d?u 1 (1+ sin” 10}
dgp?2 2R\ cos3 ¢
d?u

Now substitute v and prsl into the Binet equation:

Pu 1 <c0s3¢+2sin2¢cos¢) 1 (cos2¢—|—2sin2¢>

9 o d?u
—f(r) = —mh*u <u+ d752>

1 2 1 1 1+sin’¢
—f(r) = —mh? <2Rcosq§> <2Rcos¢>+ﬁ cos3 ¢ )

1 cos2¢>+1+sin2¢>
— — —mh?
f(r) " AR cos? 0] ( 2R cos3 ¢

Since cos? ¢ + sin” ¢ = 1, the term in the parenthesis becomes:

1+1 2 1
2Rcos3¢ 2Rcos3¢  Rcos3 ¢

So,
1 1

) = h? .
f(r) " AR? cos? ¢ Rcos?¢
2

mh

)= (B3 cor

We have the relationship r = 2R cos ¢, which implies cos ¢ = 5. Substitute this into the
expression for f(r):

mh?
fr)=———
AR (3)
mh?
fr) = 1R
3RS
mh? 32R°
T ="r s
8mh?R>
f(r)= 5

Since m, h (angular momentum per unit mass, which is constant for a central force), and R
(radius of the orbit) are constants, the force f(r) is proportional to 1/r°.

Conclusion: The attractive central force required to keep a particle in a circular orbit about a
point on its circumference varies as the inverse fifth power of the distance from the particle to
the center of force. Mathematically, F'(r) o< 1/75.
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23 A charged particle is moving under the influence of a point
nucleus. Show that the orbit of the particle is an ellipse.
Find out the time period of the motion.

Introduction: A charged particle (e.g., an electron) moving under the influence of a point
nucleus (e.g., a proton) experiences a central Coulomb force, which is attractive and inversely
proportional to the square of the distance between the two. We are to prove that the particle’s
orbit is an ellipse and determine the time period of the motion. This problem is analogous to
planetary motion under Newtonian gravity due to the similar inverse-square law.

Let the particle have charge —e and mass m, and the nucleus have charge +Ze, where Z is the
atomic number. The Coulomb force acting on the particle is:

kZe?
-

F(r) =

where k = ﬁ is Coulomb’s constant.

Solution:

Part 1: Proving the Orbit is an Ellipse

For any central force F'(r), the orbit can be described using the Binet equation:
d?u m 1
bl - F (=
gz T IR <u>

where u = %, L is the angular momentum per unit mass, and F' is the central force.

Given: )
kZe
F(r)=— o —kZeu?
Substitute into Binet’s equation:
d?u m 9
W +u= ﬁkZ@

This is a linear second-order differential equation with constant non-homogeneous term. Its
general solution is:

mkZe?
u(f) = Acos(6 —0,) + 77
Choosing 6, = 0 without loss of generality:
kZe?
u(f) = Acosf + mL2e
Invert to get r(6):
1 P
0 = B} =
r(6) Acos @ 4+ mkZe 1+ ecosb

L2
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where:

L2
mkZe?’
B AL?
- mkZe2

p:

This is the standard polar form of a conic section. Since 0 < e < 1 for bound motion (total
energy I/ < 0), the orbit is an ellipse.

Part 2: Finding the Time Period

The time period 7" for one complete revolution in a bound elliptical orbit under an inverse-square
law is given by:

T =27 a_3
I
where:
* ais the semi-major axis of the ellipse,
s u= kZe? is the effective gravitational-like constant.

However, in terms of total mechanical energy F, the semi-major axis is given by:

P /{:Z@QZ> | kZe?
T YT T ToE

Then the time period becomes:

k:Z62 \/ kZ62

Substitute for a:

3/2

kZe? ™m
T=2 =————(kZe?
" (kZe?)? (—2E> \/5(—E)3/2( ¢’)
Alternatively, if a is known:
ma3
T =2m\| —=
"Vkze2

Conclusion:

The motion of a charged particle under the Coulomb attraction of a point nucleus follows an
elliptical orbit. The time period of this motion, for bound states, is:

ma3

T = 2my | 24
T kZe?

where a is the semi-major axis of the ellipse. This mirrors Kepler’s third law and highlights the
deep analogy between electrostatic and gravitational central forces.

8
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24 The density inside a solid sphere of radius a is given by p =
pors Where p, is the density at the surface and r denotes
the distance from the centre. Find the gravitational field
due to this sphere at a distance 2a from its centre.

Introduction: The problem provides the mass density distribution of a solid sphere of radius
. C a . .
a as a function of radial distance r from the center: p(r) = p,—, where pj, is the density at the
T

surface (r = a). We are to determine the gravitational field g at a point located at a distance
2a from the center of the sphere, i.e., outside the sphere. Since gravitational field outside a
spherically symmetric mass distribution depends only on the total mass enclosed, we will first

compute the total mass of the sphere and then use Newton’s law of universal gravitation to find
the field.

Solution:

To find the gravitational field at a point outside the sphere, we must first compute the total mass
M of the sphere.

The mass element in spherical coordinates is:

dm = p(r)dV = p(r) - 4wridr = 47r? (pog) dr = 4mwpyar dr
r
Now, integrating from » = 0 to r = a to get the total mass:

a a a 27¢ 2
M = / dm = / dmpgar dr = 477,00@/ rdr = 4mpya [r_] = 4mpga - - 2mpoa’
0 0 0 2 0 2

Now that we have the total mass, we compute the gravitational field at a distance » = 2a using
Newton’s law:

_GM G- 2mpoa’ G- 2mpoa’ _ Gmpya

I= 2 T (2a)2 4a? 2

The direction of the gravitational field is radially inward toward the center.

Conclusion: The magnitude of the gravitational field at a distance 2a from the center of the
sphere is

_ Gmpga

-5
and it points toward the center of the sphere.



Solution of Mechanics PYQs ABHI PHYSICS

25 A body moving in an inverse square attractive field tra-
verses an elliptical orbit with eccentricity e and period 7'.
Find the time taken by the body to traverse the half of the
orbit that is nearer the centre of force. Explain briefly
why a comet spends only 18% of its time on the half of its

orbit that is nearer the Sun.
Introduction: A body is orbiting in an elliptical orbit around a centre of force, such as the Sun,
which is located at one of the ellipse’s foci. The orbit has eccentricity e and period T'. We
are required to find the time spent by the body in traversing the half of the elliptical orbit that
lies closer to the centre of force. Additionally, we’ll numerically illustrate this with a highly

eccentric orbit (e = 0.99) to explain why a comet spends significantly less time in the half orbit
nearest the Sun.

Solution:
Consider an elliptical orbit with:
* Semi-major axis: a
« Semi-minor axis: b = av/1 — €2
» Eccentricity: e
* Orbital period: T’
The focus (Sun) is offset by a distance ae from the ellipse center.

The half of the orbit closer to the Sun is the part enclosed by endpoints of the minor axis (line
perpendicular to major axis through the ellipse’s center). This area is:

ellipse area

Area nearer half = — area of triangle formed by minor axis and focus

Total ellipse area: wab

wab

Half ellipse area: =3

The triangular region formed with minor axis endpoints and the Sun is:

1 1
g % base x height = 5(2[))(@6) = abe

Thus, the required area is:

Kepler’s second law states that the time taken by a planet (body) in a segment of its orbit is
proportional to the area swept by its radius vector.

Thus, we have:
Area nearer half B time nearer half

Total ellipse area  Total time period 7

10



Solution of Mechanics PYQs ABHI PHYSICS

Substitute the calculated areas:

Simplifying by cancelling ab:

Thus, the time spent nearer half of the orbit is:

1 e
t=T|=——
(2 7T>

Now, let us substitute the eccentricity value e = 0.99 into our derived formula:

1 .
:T(__Q@>
2 ™

t:T(l_ 0.99 )
2 3.14159

t =T (0.5—0.315)

Evaluating numerically:

Thus, we obtain:
t~0.185T (~18.5%T)

This clearly illustrates that for a highly eccentric orbit (such as a comet’s orbit), the body spends
a significantly smaller fraction of the total period (71°) on the half of its orbit nearest the Sun.

Conclusion: The time spent by the body to traverse the half orbit nearer the centre of attraction

1S: .
(33
2 0w

For a highly eccentric orbit with eccentricity e = 0.99, the body spends only approximately
18.5% of its total orbital period close to the Sun. This result clearly illustrates why comets,
which have highly elliptical orbits, swiftly pass by the Sun and spend significantly less time in
the inner, closer portion of their orbital path.

11
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26 Express angular momentum in terms of Kinetic, potential,
and total energy of a satellite of mass / in a circular orbit
of radius r

Introduction: In this problem, we aim to express the angular momentum L of a satellite of
mass m in a circular orbit of radius r around a central mass M in terms of its kinetic energy
K, gravitational potential energy U, and total mechanical energy £. We assume Newtonian
gravity and uniform circular motion.

Solution:

For a circular orbit, the gravitational force provides the necessary centripetal acceleration:

GMm  mv? s GM GM
5 = >V = — = P = _
T T T T

Angular momentum is given by:

L:mvr:mm/GTM =mvVGMr

Now compute the standard energy expressions:
Kinetic Energy:

5 1 .GM_GMm:> _GMm
2 r 2 92K

Substitute into L:

GMm G2M?2m3
L=mvGM —m\/GM- Yo —\/ ¥

Potential Energy:
GMm GMm

=
r U

U=-—

Then:

202,13
I m\/GM GMm)Z\/_GMm

Total Mechanical Energy:

GMm GMm GMm GMm
E = K f— — = — e
tU=— . o 2
Substitute into L:
2N 12773
I_ m\/GM GMm) _ _G’ ]gEm

Conclusion:

12
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The angular momentum L of a satellite in a circular orbit can be expressed in terms of its energy

components as follows:
|G2M?m3
L=¢\—7r—,
2K
| G?M?m3
L=4——7rw——
U )

G2M2m3
DY

L =

These expressions connect angular momentum directly to the system’s energy content and are
valid under the assumption of a circular orbit governed by Newtonian gravitation.

13
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27 Use Gauss’s theorem to calculate the gravitational poten-
tial due to a solid sphere at a point outside the sphere.
Calculate the amount of work required to send a body of
mass m from the Earth’s surface to a height R /2, where
R is the radius of the Earth.

Introduction: We are asked to compute the gravitational potential & due to a solid sphere of

mass M and radius R at a point located outside the sphere, using Gauss’s theorem. We then

use this result to determine the gravitational potential energy of a mass m at the Earth’s surface

and at a height R /2, and thus compute the work required to move the mass from the surface to
that height. We assume Newtonian gravity and a spherically symmetric mass distribution.

Solution:
(i) Gravitational potential outside a solid sphere using Gauss’s theorem:

By Gauss’s law for gravity, the gravitational field g due to a spherically symmetric mass distri-
bution at a point outside the mass (r > R) behaves as if all the mass were concentrated at the
center. Therefore, for r > R:

% G-dA=—4rGM
The gravitational field at distance 1 is:

GM
Q(T):r—z

The gravitational potential ®(r) is related to the field by:

O(r) = —/ g(r’)dr’ = —/ Gr{\j dr’ = — [_G{V[] = _GM

50 T r

Thus, for a point outside the sphere (r > R), the gravitational potential is:

GM

r

O(r) =—

(ii) Work done to move a mass m from the Earth’s surface to a height R/2:

Let R be the radius of the Earth. The initial potential energy at the surface is:

_GMm

U, =m®(R) = —"%

The final position is at a height R /2 above the surface, so the distance from the center is r =
R+ R/2 = 3. The final potential energy is:

14
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3R GMm 2GMm

The work done W by an external agent in moving the body is the increase in potential energy:

_2GMm n GMm

W=U,—-U; =
> 3R R
Simplifying:
1 2 1

W=GMm|—=—-—=|=GCMm- - —

" <R 3R> " 3R
Conclusion:

(i) The gravitational potential due to a solid sphere at an external point r is ®(r) = ———.
r

(ii) The work required to move a body of mass m from the Earth’s surface to a height R /2
is:
GMm
W= ——+
3R
This result relies on treating the Earth as a uniform solid sphere and using Newtonian gravity

with spherical symmetry.

15
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28 The radius of the Earth is 6.4 x 10° m, its mean density
is 5.5 x 10° kg/m>, and the universal gravitational con-
stant is 6.66 x 107! Nm?/kg>. Calculate the gravitational
potential on the surface of the Earth.

Introduction: We are to compute the gravitational potential ® at the surface of the Earth, given
its radius R = 6.4 x 10°m, mean density p = 5.5 x 103 kg/mg, and gravitational constant
G = 6.66 x 10~ Nm? / kg2. The gravitational potential at a point outside a uniform solid
sphere (including on its surface) is given by:

_GM

B(R) = -

To compute this, we first need to determine the mass M of the Earth using its volume and
density.

Solution:
Step 1: Compute the mass of the Earth.

The volume of a sphere is:

V =_-nR3

Substituting the radius:

4 4
V = om(6.4 x 10°)? m® = o7(2.62144 x 10%°) m?® = 1.098 x 107! m®

Now calculate the mass:

M = pV = (5.5 x 103)(1.098 x 10%!) = 6.039 x 10** kg

Step 2: Calculate the gravitational potential at the surface.

B(R) S GM (6.66 x 10711)(6.039 x 102
R 6.4 x 106

Compute the numerator:

GM = (6.66 x 10711)(6.039 x 10%%) = 4.02 x 10

Then,

4.02 x 104

P(R) = =100

= —6.28 x 107 J/kg

16
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Conclusion: The gravitational potential at the surface of the Earth is approximately:

d(R) = —6.28 x 107 J/kg

This represents the potential energy per unit mass due to the Earth’s gravity at its surface.

17
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29 Prove that the time taken by the Earth to travel over half
of its orbit separated by the minor axis remote from the
Sun is two days more than half a year. Given, the period
of the Earth is 365 days and the eccentricity of the orbit
is 1/60.

Introduction: We aim to demonstrate that Earth spends approximately two additional days in
the half of its elliptical orbit that is farther from the Sun, as compared to half a year. The given
parameters are:

* Orbital period of Earth, T' = 365 days

* Eccentricity of Earth’s orbit, e = %

This phenomenon is a direct consequence of Kepler’s second law (the law of equal areas),
which states that the Earth sweeps out equal areas in equal times. Consequently, the Earth
moves slower when farther from the Sun (near aphelion) and faster when closer to the Sun
(near perihelion).

For an elliptical orbit, the major axis passes through the Sun (focus) and defines the line con-
necting perihelion (closest point) and aphelion (farthest point). We are considering the two
halves of the orbit separated by the major axis:

* t,: Time taken to traverse the half-orbit from perihelion to aphelion (the “near” half).
* 1, Time taken to traverse the half-orbit from aphelion to perihelion (the "far” half).

The total period is 7' = ¢, + ¢5. Since the Earth moves slower when farther from the Sun, we
expect t5 > t,. The problem asks us to prove:

T
ty = §+2days

Solution:

According to Kepler’s second law, the area swept by the radius vector from the Sun is propor-
tional to the time taken. The area of the entire ellipse is mab, where a is the semi-major axis
and b is the semi-minor axis. The time taken to traverse any arc of the orbit is given by:

Area swept

~ Areaof ellipse '

For an elliptical orbit with eccentricity e, the relationship between the true anomaly 6 (angle
from perihelion) and the eccentric anomaly F is given by:

E—
cosf = 1CO—SeTs; and r=a(l —ecosE)
The differential area swept is dA = %rzdﬁ. Also, from Kepler’s second law, % = %, where

L is the angular momentum and m is the mass. Since L = m+/GMa(1 — e?), we have % =

18
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1/GMa(1 — €2). The mean motion n = 2% = /<4 8o, 44 = 1nq24/1 — e2. The area of

as *
. B — B 1 B
the ellipse is mab = wa2yv/1 — e2. Thus, t = Acaswept | 1 _ Areaswept p _ _Areaswept

%naﬂm T ra2yv/1—e2~ ~ Areaofellipse

The time taken from perihelion to aphelion (¢;) and from aphelion to perihelion (Z,) can be

found by integrating the differential time dt = #@ over the respective halves of the
2

orbit. A more straightforward approach for small eccentricities is to use an approximation for
the time difference.

The time difference between the two halves of the orbit (divided by the major axis, i.e., from
perihelion to aphelion and from aphelion to perihelion) is a known result in celestial mechanics
for small eccentricity e:
At =t,—t, ~ =T
7r
This formula comes from a more precise integration of Kepler’s equation or from perturbation
theory for slightly eccentric orbits.

Given T' = 365 days and e = %:

2. L
At ~ —5% . 365 days
77

1
At ~ — -
t 30. 365 days

365 12,1667
~30r S

At ~ 3.873 days

At days

We know that ¢, +t, = T'. Also, t, —t; = At. Adding these two equations: 2t, =T + At
L T n At

22 0 2
Substituting the calculated At:

365 3.873
t2 = T days + 5

15 = 182.5 days + 1.9365 days
1y ~ 182.5 days + 2 days
15 ~ 184.5 days

days

This shows that the time taken to travel the half of the orbit remote from the Sun (i.e., from
aphelion to perihelion) is approximately two days more than half a year (182.5 days).

Conclusion: By applying the approximate formula for the time difference between the two
halves of an elliptical orbit, which is valid for small eccentricities, and using the given values
for Earth’s orbital period and eccentricity, we have shown that the time taken by the Earth to
travel over the half of its orbit farther from the Sun is approximately two days longer than half
a year.

T
ty = §+2days
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30 Arigid body is spinning with an angular Velocity of 4 rad/s

about an axis parallel to the direction (4 j — Sk) passing

through the point A with OA = 12i + 3j Jj— k, where O is

the origin. Find the magnitude and direction of the linear

velocity of the body at point P with OP = 4; — 25 + k.
Introduction: The problem involves computing the linear velocity of a point P on a rigid body
rotating with a known angular velocity. The axis of rotation is specified by a direction vector
and a point it passes through (point A). We are to find the velocity vector of point P, given
its position vector with respect to the origin, by using the formula for linear velocity due to
rotation:

ﬁp - (:J X ,FPA

where @ is the angular velocity vector and 7 4 is the position vector of point P relative to point
A.

Solution:
At first, Normalize the direction of the axis
Given direction of axis: d = 4f — 3k.
Magnitude of d:
|d| = 42+ (=3)2=V16+9=v25=5

Then Unit vector along axis will be

1 - ~ ~ 4~ 3.
n=—-(0i+4j—3k)=0i+—-j— =k
5(2 J ) v 5] 5

and therefore one can find the Angular velocity vector to be:

Now Calculating: 7py =7p — 74
Given:
Fa=12i43j—k

Then: R R R R R R
Tpg=4—12)i+(—2—-3)j+ (1 —(—1))k = —8i — 5j + 2k

Calculating Up = &0 X Fpy

1 j k
R 6 12
ip=|0 — —=Z
P 5 5
8 -5 2
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Expanding the determinant:

i () oo ()i o

Compute each component:

- 32 60 28
5 5 5
R 96 96
_ 0 - —
J ( 5 ) 5
R 128 128
k: 04— ="
* 5 5
Thus,
. 28¢+ 96 -, 128%
UVp = ——1+ — —
P 5' 75775

Finding magnitude of v

5l (28>2+ <96>2+ <128>2

(9 = R— —_ -

N 5 5 5

1 1
5\/784 19216 + 16384 = g\/26384

1 1
= 3\/ 26384 = 5 x 162.45 = 32.49m/s

And the Direction of ¢, Unit vector in direction of v

Converting to decimal form for the direction calculation:

Up = —5.60 + 19.2] + 25.6k

Unit vector in direction of ¥p:

0 L 5 ! (—5.6i + 19.25 + 25.6k)
= — —9.017 . .
YP = 16, "F T 32.49 J
Calculating: R R ~
bp = —0.172i + 0.5915 + 0.788k

Conclusion: The linear velocity of point P has magnitude:

and direction given by the unit vector:

bp = —0.172i + 0.5915 + 0.788k

This is the velocity due to rotation of the rigid body about the given axis.
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